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Abstract
A TWOOA is a pair of orthogonal arrays which satisfy a certain condition. Obana and
Kurosawa introduced the notion of TWOOAs to construct multi-receiver authentication codes.
In this paper, the upper bounds on n and m of a TWOOA(k; t2; n; 2; tk ; m) are determined to be
mainly n6t + k − 1 and m6t + 1 by using the known Bush bound on orthogonal arrays. For
a prime power q, a direct construction for a TWOOA(k; q2; m(k; q); 2; qk ; q + 1) is presented,
where m(k; q) denotes the maximum number of vectors in Vk(GF(q)) such that any k of them are
linearly independent. With the known results on m(k; q), this construction gives in8nite classes
of TWOOAs meeting the upper bounds. A product construction for TWOOAs is also given.
c© 2001 Elsevier Science B.V. All rights reserved.
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1. Introduction
An orthogonal array OA
(k; l; n), with strength k, is a 
lk × n array of l symbols
such that, in any k columns of the array, every one of the possible lk tuples of symbols
occurs in exactly 
 rows. If 
= 1, this array is denoted by OA(k; l; n).
Let L1 = (aij) be an OA(k; (
k
√
l)2; n), and b=(b1; : : : ; bl2 )T be a vector which consists
of l elements {a1; : : : ; al}. For x∈{a1; : : : ; al}, suppose that
bi1 = bi2 = · · ·= bih = x:
De8ne B(x) to be an h × n submatrix of L1 which consists of the ijth row of L1 for
j=1; 2; : : : ; h. We say that L1 and b are friendly if every column of B(x) contains just
k
√
l symbols for any x∈{a1; : : : ; al}.
Suppose L1 is an OA(k; (
k
√
l)2; n) and L2 is an OA(2; l; m). L= L1 ◦ L2 is said to be
a TWOOA(k; ( k
√
l)2; n; 2; l; m) if L1 and every column vector of L2 are friendly, where
◦ denotes concatenation. A TWOOA(2; 4; 3; 2; 4; 3) is presented below.
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Example 1.1. Let
LT1 =

 0 1 0 1 2 3 2 3 0 1 0 1 2 3 2 30 0 1 1 0 0 1 1 2 2 3 3 2 2 3 3
0 1 1 0 2 3 3 2 2 3 3 2 0 1 1 0

 ;
LT2 =

 0 1 2 3 0 1 2 3 0 1 2 3 0 1 2 30 0 0 0 1 1 1 1 2 2 2 2 3 3 3 3
0 1 2 3 1 0 3 2 2 3 0 1 3 2 1 0

 :
It is easy to see that L1 ◦ L2 is a TWOOA(2; 4; 3; 2; 4; 3). For example, if we take the
second column vector b in L2,
bT = ( 0 0 0 0 1 1 1 1 2 2 2 2 3 3 3 3 )
then
B(0) =


0 0 0
1 0 1
0 1 1
1 1 0

 ; B(1) =


2 0 2
3 0 3
2 1 3
3 1 2

 ; B(2) =


0 2 2
1 2 3
0 3 3
1 3 2

 ;
B(3) =


2 2 0
3 2 1
2 3 1
3 3 0

 :
We see that L1 and b are friendly.
The notion of TWOOAs was 8rst introduced by Obana and Kurosawa in [6]. It
was proved in [6] that the existence of a TWOOA(k; ( k
√
l)2; n; 2; l; m) is equivalent
to the existence of an optimum (k; n) multi-receiver authentication code (A-code). As
mentioned in [6], (k; n) multi-receiver A-codes are very important for many appli-
cations, such as network control and distributed-systems. For more details of (k; n)
multi-receiver A-codes, see [2,4,7,6]. To ease the notation, we write l= tk , so we shall
discuss TWOOA(k; t2; n; 2; tk ; m).
Desmedt et al. [2] proposed a (k; n) multi-receiver A-code, called DFY polynomial
scheme. Suppose q is a prime, let Px={a0+a1x+· · ·+ak−1xk−1 : ai ∈GF(q); 06i6k−
1}, de8ne L1 as follows:
1 : : : n
(P1(x); Q1(x)) (P1(1); Q1(1)) : : : (P1(n); Q1(n))
(P2(x); Q2(x)) (P2(1); Q2(1)) : : : (P2(n); Q2(n))
...
...
...
...
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De8ne L2 as follows:
s= 0 s= 1 : : : s= q− 1
(P1(x); Q1(x)) P1(x) P1(x) + Q1(x) : : : P1(x) + (q− 1)Q1(x)
(P2(x); Q2(x)) P2(x) P2(x) + Q2(x) : : : P2(x) + (q− 1)Q2(x)
...
...
...
...
...
where n6q and Pi(x)∈Px, Qi(x)∈Px, 16i6q2k .
It was proved in [6, Theorem 6:1] that L = L1 ◦ L2 is a TWOOA, which we state
below.
Theorem 1.2. For any prime q and for any positive integer n6q; there exists a
TWOOA(k; q2; n; 2; qk ; q).
It seems that DFY polynomial scheme is the only known construction available for
TWOOAs so far. Therefore, it is interesting to 8nd more constructions, especially those
which can provide more columns. But, what is the largest possible number of columns
in a TWOOA(k; t2; n; 2; tk ; m)? In other words, we need to 8nd the upper bounds for
n and m. For 8xed t and k, let
B(k; t) =


t + 1 if k = 2;
t + k − 1 if t is even and 36k ¡ t;
t + k − 2 if t is odd and 36k ¡ t;
k + 1; if k¿t:
We shall prove the following result in Section 2.
Theorem 1.3. If there exists a TWOOA(k; t2; n; 2; tk ; m); then n6B(k; t) and m6t+1.
A direct construction and a product construction for TWOOAs are presented in
Section 3. To construct TWOOAs, an (n; k; q)-set will be used. A set of n vectors in
Vk(GF(q)) is called an (n; k; q)-set, if any k vectors of them are linearly independent.
The following results are obtained.
Theorem 1.4. For any prime power q; if there exists an (n; k; q)-set; then there exists
a TWOOA (k; q2; n; 2; qk ; q+ 1).
Theorem 1.5 (Product construction). If there exist both a TWOOA(k; t2; n; 2; tk ; m)
and a TWOOA(k; s2; n; 2; sk ; m); then there exists a TWOOA(k; (st)2; n; 2; (st)k ; m).
In Section 3, we will also use the known results on m(k; q) and Theorem 1.3,
Corollary 3.5 to give three in8nite classes of TWOOAs meeting the upper bounds. We
state this result in Corollary 3.8.
140 D. Wu, L. Zhu /Discrete Mathematics 238 (2001) 137–145
2. The upper bounds of TWOOA(k; t2; n; 2; tk; m)
In order to 8nd the upper bounds for column numbers n and m, we study the property
of a TWOOA(k; t2; n; 2; tk ; m).
Suppose T = A ◦ B is a TWOOA(k; t2; n; 2; tk ; m), where A= (aij) is an OA(k; t2; n)
based on t2-set U , and B=(bih) is an OA(2; tk ; m) base on tk -set V; 16i6t2k ; 16j6n;
16h6m. For a∈U and 16j6n, de8ne
L(j; a) = {i : aij = a}:
For b∈V; 16h6m, and for distinct j1; : : : ; js; 16jw6n; 16w6s; 16s6k, de8ne
R(h; b) = {i : bih = b}
and let C(j1; : : : ; js; h; b) be a collection of s-tuples: (aij1 ; : : : ; aijs), where i∈R(h; b).
Lemma 2.1. There are exactly ts distinct s-tuples (aij1 ; : : : ; aijs) in any C(j1; : : : ; js; h; b)
of a TWOOA(k; t2; n; 2; tk ; m); and every s-tuple occurs exactly tk−s times.
Proof. It is easy to see that |R(h; b)| = tk since B is an OA(2; tk ; m). Thus we need
only to prove that every s-tuple in C(j1; : : : ; js; h; b) occurs exactly tk−s times. If not
so, there must exist at least one s-tuple ! = (a1; : : : ; as)∈C(j1; : : : ; js; h; b), such that
! occurs f times, f¿tk−s. Choose any other k − s columns in A, say, j′1; : : : ; j′k−s.
From the de8nition of TWOOAs, every C(j′w; h; b) has exactly t diMerent elements,
16w6k − s, so C(j′1; : : : ; j′k−s; h; b) has at most tk−s diMerent (k − s)-tuples. Hence,
C(j1; : : : ; js; j′1; : : : ; j
′
k−s; h; b) has repeated k-tuples, a contradiction to the fact that A is
an OA(k; t2; n). This completes the proof.
Choose an element a∈U and the 8rst k − 1 columns of A, de8ne S(a) = {i :
aij = a; 16j6k − 1}. It is easy to know that |S(a)|= t2. De8ne M (a) to be a t2 ×m
submatrix of B which consists of the ith row of B, where i∈ S(a). We have the
following result.
Lemma 2.2. M (a) is an OA(2; t; m).
Proof. Take s = k − 1 in Lemma 2.1, it is clear that in any column of M (a), every
element occurs exactly t times. Since M (a) contains t2 rows, every column of M (a)
contains exactly t diMerent elements. Without loss of generality, we may assume that
these elements belong to the same set of t symbols. Since B is an OA(2; t2; m), this
forces M (a) to be an OA(2; t; m). The proof is completed.
Choose x in the 8rst column of B, de8ne T (x) = {i : bi1 = x}. It is easy to know
that |T (x)|= tk . De8ne B(x) to be the tk × n submatrix of A consisting of the ith row
of A, where i∈T (x). Without loss of generality, we may assume that the elements
from every column of B(x) belong to the same set of t symbols. By the de8nition of
a TWOOA, we have the following result.
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Lemma 2.3. B(x) is an OA(k; t; n).
The following bound on column number n of an OA(k; t; n) can be found in
[1, p. 180, Theorem 5:12]. For k = 2, it is well known that n6t + 1 (see [1, p. 113,
Theorem 2:17]).
Lemma 2.4 (Bush bound). For k ¿ 1; if there exists an OA(k; t; n); then n6B(k; t).
We are now in a position to prove Theorem 1.3.
Proof of Theorem 1.3. If there exists a TWOOA(k; t2; n; 2; tk ; m), then from Lemmas
2.2 and 2.3, there exist both OA(k; t; n) and OA(2; t; m). The conclusion follows from
Lemma 2.4.
3. Constructions of TWOOAs
In this section, a direct construction and a product construction of TWOOAs are
presented. Suppose that q is a prime power, k ¿ 1 is an integer, and also suppose that
there exists an (n; k; q)-set. Let
S =
{(
a1 : : : ak
b1 : : : bk
)T
: ai; bi ∈GF(q); 16i6k
}
:
It is clear that |S|= q2k .
Let m(k; q) denote the largest number n such that an (n; k; q)-set exists. There are
some known results for number m(k; q) (see [5, Chapter 11]; [3]), which we state
below.
Lemma 3.1. The number of m(k; q) is determined in the following cases: (1) m(2; q)=
q+1; (2) m(3; q)=q+1 for q odd and m(3; q)=q+2 for q even; (3) m(k; q)= k+1
for k¿q.
We shall use S to index the rows of the TWOOAs. For the 8rst OA, we shall use
the (n; k; q)-set to index the columns. From Lemma 3.1, there exists a (q+1; 2; q)-set,
so, we shall use the (q+ 1; 2; q)-set to index the columns of the second OA.
Let R1 be an (n; k; q)-set in a row vector space, and R2 be a (q + 1; 2; q)-set in a
column vector space. De8ne two arrays L1 = (aMr) and L2 = (bMc) as follows:
L1: the entry of (M; r) is rM;
L2: the entry of (M; c) is Mc;
where M ∈ S, r ∈R1, c∈R2.
Lemma 3.2. L1 is an OA(k; q2; n).
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Proof. We need only to prove that for any given rji = (xji1; : : : ; xjik)∈R1, 16ji6n,
16i6k, and any given ((e1; f1); : : : ; (ek ; fk))∈ (GF(q)×GF(q))k , there exists exactly
one M ∈ S, such that
rjiM = (ei; fi); 16i6k: (1)
Let
X =


rj1
...
rjk

; Y =


e1 f1
...
...
ek fk

:
Then (1) is equivalent to the following matrix equation.
XM = Y: (2)
Since rj1 ; : : : ; rjk are taken from an (n; k; q)-set R1, they are linearly independent. So,
an X−1 exists. Thus, M =X−1Y is uniquely determined. This completes the proof.
Similarly, we have the following result.
Lemma 3.3. L2 is an OA(2; qk ; q+ 1).
To prove Theorem 1.4, we need further to show that L1 is friendly with every
column vector of L2. For convenience, for any given v1 = (e; f), v2 = (c1; : : : ; ck)T,
M ∈ S, r ∈R1, and c∈R2, de8ne
L(r; v1) = {M : aMr = v1};
R(c; v2) = {M : bMc = v2}:
Since both L1 and L2 are OAs, it is not diOcult to see that |L(r; v1)| = q2(k−1) and
|R(c; v2)|= qk .
Lemma 3.4. L1 is friendly with every column vector of L2.
Proof. For any given c = (x; y)T ∈R2, v2 = (c1; : : : ; ck)T, and for any given r =
(x1; : : : ; xk)∈R1, let Q be a collection of elements: aMr , where M ∈R(c; v2). Since
|R(c; v2)| = qk , we need only to prove that every element in Q occurs exactly qk−1
times. Without loss of generality, we assume that x 
= 0, hence x−1 exists. Suppose
that v1 = (e; f)∈Q, let D = {M : M ∈R(c; v2) and aMr = v1}, we need only to prove
that |D| = qk−1. From D, we have Mc = v2 and rM = v1 for r = (x1; : : : ; xk). This is
equivalent to the following system of equations in unknowns a1; : : : ; ak ; b1; : : : ; bk .

a1x + b1y = c1;
· · · · · · · · · · · ·
akx + bky = ck ;
a1x1 + · · ·+ akxk = e;
b1x1 + · · ·+ bkxk =f:
(3)
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Let
G =


x · · · 0 y · · · 0
...
...
...
...
...
...
0 · · · x 0 · · · y
x1 · · · xk 0 · · · 0
0 · · · 0 x1 · · · xk

 ;
P=(a1; : : : ; ak ; b1; : : : ; bk)T, Y =(c1; : : : ; ck ; e; f)T. Then the system of equations (3) can
be written as follows:
GP = Y: (4)
It is easy to see that G can be changed into G′ by elementary transformations of rows,
where
G′ =


x · · · 0 y · · · 0
...
...
...
...
...
...
0 · · · x 0 · · · y
0 · · · 0 x1 · · · xk
0 · · · 0 0 · · · 0

 :
Suppose Y is changed into Y ′ = (y1; : : : ; yk+2)T by the same transformations, then (4)
and the following system of equations have the same solutions.
G′P = Y ′ (5)
If yk+2 
= 0, then Eq. (5) has no solution. This forces (4) having no solution, a
contradiction. Since x 
= 0 and (x1; : : : ; xk) 
= (0; : : : ; 0), we have that rank (G′)= k+1,
hence (5) has q2k−(k+1) = qk−1 solutions. This completes the proof.
Now, we are in a position to prove Theorem 1.4.
Proof of Theorem 1.4. The conclusion comes from Lemmas 3.2–3.4.
We remark that Example 1.1 is constructed as above. For q= 2, let
S =
{(
a1 a2
b1 b2
)T
: ai; bi ∈GF(q); 16i62
}
;
R1 = {(1; 0); (0; 1); (1; 1)}, R2 = {(1; 0)T; (0; 1)T; (1; 1)T}. In the above construction, re-
place every entry (x; y) of L1 by x + 2y, and replace every entry (a; b)T of L2 by
a+ 2b. Then, we obtain Example 1.1. The following corollary is immediate.
Corollary 3.5. For any prime power q; there exists a TWOOA(k; q2; m(k; q);
2; qk ; q+ 1).
Since m(k; q) is completely determined from Lemma 3.1 for k¿q and k = 2; 3, we
need to consider an (n; k; q)-set for 3¡k¡q. The following result is obtained.
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Lemma 3.6. If q is a prime power; then there exists a (q + 1; k; q)-set for any k;
3¡k¡q.
Proof. Let S={(1; x; : : : ; xk−1) : x∈GF(q)}∪{(0; : : : ; 0; 1)}. It is not diOcult to check
that S is a (q+ 1; k; q)-set.
The following corollary is a slight improvement of Theorem 1.2, which provides one
more column for both OAs and is valid also for prime power q.
Corollary 3.7. If q is a prime power; then there exists a TWOOA(k; q2; q + 1;
2; qk ; q+ 1) for any k; 3¡k¡q.
Comparing m(k; q) with B(k; q), we see that they are equal when k =2, or k =3, or
k¿q for any prime power q. In other words, the bounds can be met in these cases.
Corollary 3.8. For any prime power q; there exists a TWOOA(k; q2; n; 2; qk ; m) meet-
ing the upper bounds of n and m if k = 2; 3; or k¿q. That is; we have the following
in=nite classes:
(1) a TWOOA(2; q2; q+ 1; 2; q2; q+ 1);
(2) a TWOOA(3; q2; q+2; 2; q3; q+1) for q even and a TWOOA(3; q2; q+1; 2; q3; q+1)
for q odd;
(3) a TWOOA(k; q2; k + 1; 2; qk ; q+ 1) for k¿q.
In the remainder of this section, we shall prove Theorem 1.5. Suppose A1 ◦ B1 is a
TWOOA(k; t2; n; 2; tk ; m), where A1=(a
(1)
ij ) is an OA(k; t
2; n) based on a t2-set U1, and
B1 = (b
(1)
ih ) is an OA(2; t
k ; m) based on a tk -set V1, 06i6t2k − 1, 16j6n, 16h6m.
Suppose A2◦B2 is a TWOOA(k; s2; n; 2; sk ; m), where A2=(a(2)i′j ) is an OA(k; s2; n) based
on an s2-set U2, and B2=(b
(2)
i′h) is an OA(2; s
k ; m) based on an sk -set V2, 06i′6s2k−1,
16j6n, 16h6m. De8ne L1 = (l
(1)
ej ), L2 = (l
(2)
eh ) as follows: For 06e6(ts)
2k − 1,
16j6n, 16h6m, write e= i+ i′ × t2k , where 06i6t2k − 1 and 06i′6s2k − 1, and
let l(1)ej = (a
(1)
ij ; a
(2)
i′j ), l
(2)
eh = (b
(1)
ih ; b
(2)
i′h).
Lemma 3.9. L1 is an OA(k; (ts)2; n) based on a (ts)2-set U1 × U2; and L2 is an
OA(2; (ts)k ; m) based on a (ts)k -set V1 × V2.
Proof. We show that L1 is an OA(k; (ts)2; n). For L2, the proof is similar. For any k
diMerent columns j1; : : : ; jk , and ((x1; y1); : : : ; (xk ; yk))∈ (U1 × U2)k , we need only to
show that there exists exactly one e, such that l(1)ej1 = (x1; y1); : : : ; l
(1)
ejk =(xk ; yk). From k
equations, we have a(1)ij1 =x1; : : : ; a
(1)
ijk =xk , and a
(2)
i′j1=y1; : : : ; a
(1)
i′jk=yk , where e=i+i
′×t2k .
Since both A1 and A2 are OAs with strength k, there exists exactly one such i and one
such i′. Thus e is uniquely determined.
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Lemma 3.10. L1 is friendly with every column vector of L2.
Proof. Take the hth column bh of L2, and .∈ bh. Let E = {e : l(2)eh = .}. Since L2 is
an OA(2; (ts)k ; m), we have |E|=(ts)k . Take the jth column cj of L1, and != l(1)ej ∈ cj,
e∈E. Let E′ = {e : l(1)ej = !}. So we need only to show that |E ∩ E′| = (ts)k−1. In
other words, we need to show that there are exactly (ts)k−1 e′s, such that l(1)ej = ! and
l(2)eh = .. Suppose != (x1; x2), . = (y1; y2), we have the following four equations:
x1 = a
(1)
ij ; y1 = b
(1)
ih ; x2 = a
(2)
i′j ; y2 = b
(2)
i′h ;
where e = i + i′ × t2k . Since A1 ◦ B1 is a TWOOA(k; t2; n; 2; tk ; m), from the 8rst two
equations there exist exactly tk−1 such i. Also, A2 ◦ B2 is a TWOOA(k; s2; n; 2; sk ; m),
so from the last two equations there exist exactly sk−1 such i′. Thus there exist exactly
(ts)k−1 such e. This completes the proof.
Proof of Theorem 1.5. The conclusion comes from Lemmas 3.9 and 3.10.
Finally, we would like to make some concluding remarks. We have obtained bounds
on column numbers n and m for a TWOOA(k; t2; n; 2; tk ; m). For t = q a prime power,
the bounds can be met by a direct construction when k =2; 3 or k¿q. For 3¡k¡q,
it is not known if the bound on n can be lowered or if there are other construc-
tions which may provide more than m(k; q) columns. For 3¡k¡q, we construct a
TWOOA(k; q2; q + 1; 2; qk ; q + 1) which is a slight improvement of DFY polynomial
scheme. When t is not a prime power, much less is known except Theorem 1.5.
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